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Abstract 



; '"^ ' We construct the manifestly Lorenz-invariant formulation of the N ^ 1 D = A massive su- 

rS 

j^ ' perparticle with tensorial central charges. The model contains a real parameter k and at fc 7^ 

possesses one K-symmetry while at fc = the number of K-symmetry is two. The equivalence of 
the formulations at all A; 7^ is obtained. The local transformations of K-symmetry are written 
out. It is considered the using of index spinor for construction of the tensorial central charges. It 
is obtained the equivalence at classical level between the massive D = A superparticle with one 
K-symmetry and the massive D — A spinning particle 

PACS numbers: 11.15.-q, 11.17.+y, 02.40.+m, ll.30.Pb 
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1 Introduction 

Last time there is the great interest in the analysis of the supersymmetric models possessing super- 
symmetry with additional nonscalar central charges ||l|-||8|. Although the tensorial central charges in 
the supersymmetry algebra are associated with topological contributions of the superbrane theories it 
is attractive to obtain the superparticle models having this symmetry. Recently such supersymmetric 
particle models were obtained in massless case pf, for D = 4 with two or three local K-symmetries. 

In present work we construct the model of the massive N = 1 D = 4 superparticle with tensorial 
central charges possessing one or two local K-symmetries Q. In such a way we obtain in usual space- 
time dimensions D = 4 the superparticle with a single K-symmetry which is equivalent physically to 
the usual spinning (spin 1/2) particle |11, |^] in the positive energy sector. 



In the pseudoclassical approach the Lagrangian of spinning particle has the following form [11, 12 1 



Li/2 = P^x^ + -{il^^ij^j, + ^sV's) - ^{P^ + m^) - ixivi^ + "^V's) • (1) 

The spin variables in this description are the Grassmannian (pseudo)vector -0^ and the Grassmannian 
(pseudo)scalar ip^. Besides mass constraint T = p^ + TTn? ~ in Hamiltonian formalism the physical 
sector of the model is subjected to the Grassmannian constraints from which one Dirac constraint 

D = p^ijf, + mV^s ^ (2) 

plays the role of the first class constraint and five self-conjugacy condition for the Grassmannian 
variables 

g'" = P'i, - '^i^^ - , 55 = P^5 - ^V's ~ (3) 

are the second class constraints. Thus the number of physical Grassmannian degrees of freedom in 

the model (|^) is [number of {tp^, ■05, p^(,^, P^(,5)] ~ [number of the second class constraints {g^, g^)] ~ 

2[number of the first class constraint (D)] = 3. 

^The Lagrangian of the massive superparticle with vector central charge and with two K-symmetries has been presented 

already in [|lO| 



The usual model of the massive CBS superparticle [^] with Grassmannian spinor coordinates 0", 
9" has only the fermionic spinor constraints 

doa = -iPda - ipO)a ~ , doa ^ -ipda " {6p)a » 

which all are the second class constraints. Here the number of the physical Grassmannian degrees 
of freedom is [number (0", ^", p^Q,, pea)] ~ [number (dg, dg)] = 4. In order to obtain desired three 
physical fermionic degrees of freedom it is necessary that from fermionic four spinor constraints three 
constraints are of the second class whereas one constraint should be of the first class. Such situation 
with nonsymmetric separation of the fermionic constraints into the ones of first and second class has 
been proposed in massless superparticle models [^ as well as in the massive particle case [14|. Precisely 



the situation with one first class fermionic constraint has been present in [14| in the construction of 
N = 4 ^ N = 1 PBGS in d = 1. The relation between that model and our one will be given below. 
Thus in the massive case the equivalence of spinning particle and superparticle with tensorial central 
charges with one K-symmetry is expected. Let us note that in massless case [^, 16 1 the spinning 
particle is equivalent, at least on classical level, to the usual CBS superparticle without any central 
charges. This fact of identifying the local fermionic invariances of spinning particle and K-symmetries 
of superparticle is essential for superfield formulation of massless superparticle theory [15, |l^] and 
consequent generalizations on superbranes [17]. 



Accounting above mentioned preliminary arguments for the possible relation between massive 
spinning particle and massive superparticle with tensorial central charges we take the following way for 
construction of the superparticle model. We shall realize the covariant transition, under preservation of 
the physical contents, from the model of the massive spinning particle to the system with Grassmannian 
spinor variables. As result of this procedure we arrive at model of the A^ = 1 D = 4 massive 
superparticle with tensorial central charges possessing one local fermionic invariance (K-symmetry). 

Covariant transition from the Grassmannian vector ip^ and scalar ip^ to the Grassmannian spinors 
9", 9°^ requires using of the commuting spinor variables. We introduce dynamical commuting spinor 



variables C^, C" = (C")- Their canonical conjugate momenta are u„, v^- Introduced spinors are subject 
to the condition 

r- j = C,K- j ^Q {r = (PC) ■ (4) 

This constraint inherent in the index spinor approach ||l^, ^, |l9| gives us the completeness condition 

for spinors C^ PC- Here matrix p is the contraction of the space-time momentum and cr-matrices with 
upper spinor indices, p = p^o'^, p = (p""). Corresponding matrix with lower indices is denoted by 
p, p = p^cTfj, = (pad)- Numerical constant j 7^ plays the role of "classical spin" in the index spinor 



formalism |18|, |10| |19[. We assume that the dynamics of the bosonic spinor variables is determined by 



the Lagrangian of the following form 

LKs. = Cv + vC-Xm-j). (5) 

One can exclude the variable C using its equation of motion. Thus we obtain the second order 
Lagrangian 

m^ vpv + -|-A (j/m) 



r(2) _ A-1 



with A = mX. This Lagrangian describes the motion of a point in complex two-dimensional space 
parametrized by the Weyl spinor v. Canonically conjugate space parametrized by C, is restricted by 
the constant (^) and is obviously isomorphic to the compact group manifold SU{2). Formally, the 
constant j/m plays here the role of point "mass". 

The total system which we consider as initial under transition to Grassmannian spinors is in fact 
the sum of the two sectors coupled through the space-time coordinates. One of these sectors is the 
usual massive spinning particle with Lagrangian (||) whereas the second is the sector of the bosonic 
spinor with Lagrangian (^) . Thus the Lagrangian of the initial system has the following form 

L = Ll/2 + ^b.s. 



+ Cv + K- HCpC - j) ■ (6) 



As result of the constraint C,f)Q = j the sign of the constant j defines the sign of the energy. In following 
we consider the positive energy sector where j > 0. 



In this paper we use the D = A spinor conventions of |20]. 



2 Massive superparticle with tensorial central charges. Lagrangian 

The conversion of spinning particle model described by the Grassmannian variables V'/i) ^5 to the 
model with the Grassmannian spinor variables 0", 0°' is realized by the general resolution fin] of the 
form 

V'/. = r~^''^{ea^,PC + Qpa^e) - mpQa^C , (7) 

V;5 = r-^l^m{Ce + OQ +rp + ij^. (8) 

The initial Grassmannian variables if^^, -05 (^ variables) are expressed in terms of two Grassmannian 
scalars />, ip^ and three components of spinor 9. Just for projections of V'/i = — ^cr^^^^ao in the basis 
formed by spinors C"i (Cp)" we have 

CV-C = 2r^l'^{C0 + K) , CPi^PC = 2mr'^p , (9) 

C^ppC = 2r^/^{CpO), Cp4^C = '2r^^^{0pC), (10) 

where ip = ip^cr^. The fourth component of the spinor 

<p = im-co) (11) 



does not participate in the expression for ■0- variables. The inversion of (|7|), (^) and (11) looks as 
follows 



9 _ 1^-3/2 



(C0C)(pC)« + 2{Cpi^C)Ca\ + ^r-'HPOa 



ir-3/2 



(C^C)(Cp)a + 2(C#C)Ca - i;r-'HCp) 



In the new variables the Dirac constraint takes a simple form. On mass shell p'^ + m? = we have 



D = pip + mip^ = mij)^ « . 



(12) 



Moreover, we can extract from the new variables a pure gauge degree of freedom for fermionic local 



symmetry of the spinning particle |11, |12[ (world- line supersymmetry) 



5x = e, 6e = -2iex , S^jf, = -ep^ , #5 = -em , 6x^ = ieip^ . 



In the new variables this transformation takes the form 



59. 



--.r-V2^ 



c.-—^er-'l\K)c.. sea 



ler-^^HCp)a, 



1 



5p = — emr , 6ip5 = e(p + m ) k, Q . 

2 2m 

Thus, the only transformed are the variable p and one component of spinor 9 

Subsequently the combination p + mr~^''^{9C, + C^) of this component 9 and p is invariant under the 
gauge transformations, 6[p + mr~^''^{9C, + C^)] = 0, whereas the variable 



p-mr-^/^{9C + (:9) 



(13) 



is the pure gauge degree of freedom, 5[p — mr~^i'^{9C, + C^)] = —mr^^e. 

Accounting the equation of motion for bosonic spinor C = ^^id substituting the resolving expres- 
sions (^), (0) for ^^, ip^ in the Lagrangian (pf) we arrive at the Lagrangian 



L = p{x- i9a9 + i9a9) - im^r-\9CC9 - 9CCe) 



2 



p + mr-'^''^{9C + C0) p + mr-'^'\9C + C9) 



-3/2/ 






p — mr 



-3/2 



{OQ + Qe)\ V^5 + -rV^s 



p-mr-^/'^{ec + Qe) 



+ 2^5V'5 - imxi^b - ^(P^ + "i^) 



+ Ci^ + i;C-A(CpC-j)- 



(14) 



It should be stressed that the equation C = for bosonic spinor, which has been used for derivation of 
the Lagrangian (|lj), is reproduced by the same Lagrangian (jlj). As we see from the Lagrangian, the 
gauge variable ( |l3|) p — mr^^''^{6C, + Q9) is the corresponding conjugate variable for ^5 which generates 
the local transformations. The simpler gauge fixing condition for it 

p-mr-^'^{ec + ce) = 

gives us the possibility to resolve the scalar p in term of spinor projection {6C,-\-C,9). We take the more 
general condition of this type 



mr-^/'^{eC + CO) = 2{k - l)mr-^/'^{eC + C^) 



(15) 



which is the gauge fixing condition at all k except ^ = 0. At ^ = (15) is reduced to the condition 
on gauge invariant variable 

p + mr-^/^{eC + CO) = 

and of course it is not a gauge fixing. 



Substituting in the Lagrangian (14) the constraint condition ifj^ = (the equation of motion for 
the Lagrange multiplier x) and the expression 



p={2k- l)mr-^/'^{6C,+C0) 



(16) 



(following from the gauge fixing condition (ITBI) ) we obtain the Lagrangian 



L = pCje + iZ^pe'^e^ + iZ^^rf + iZ^^{e''f -9' 



— {p + m ) 



+ (,v + vC-\{QK-j). 



(17) 



In this expression cog = ujq dr = dx — idOaO + iOadO is the usual A^ = 1 superinvariant Lj-forni. The 



quantities Z^p = Zp^, Z^g = {Za/3) and Z^a = (Z/^a) are expressed in terms of bosonic spinor ( (for 
similar formula see H) 

Z^fS = 2^771^ j-\aCi3 , Z^^ = {2k' - l)w?r\^Cp ■ (18) 

Zaf3 and Z^i are tensor central charges (types (1,0) and (0, 1)) and Z^^ is vector one (type (1/2, 1/2)) 
for the D = 4: N = 1 supersymmetry algebra ffl-H- 

The same result is obtained if we consider the connection of the systems (|6|) and (17) in the 
Hamiltonian formalism. Precisely there is the canonical transformation which connect the models 
with each other. Now in order to make equal the number of Grassmannian variables in the models we 
introduce pure gauge variable (f) in the initial model of the spinning particle. Its pure gauge nature is 
achieved by the presence of the first class constraint 

P^ ~ (19) 

in the initial model. So in the canonical transformation we imply that the term P(j)(p — ixp^f, is added 
to the Lagrangian (y). Here /x is Lagrange multiplier. The resolution of cj) in terms of the spinors is 



given by the expression (11). 

As the generating function of the canonical transformation from system with coordinates ijj^, ip^, 
(j), x^, C", C" to the system with coordinates 6", 9", p, ip^, x'^, ('", C,'^ we take 

F = -p^ipfj,{p,„ C, 0, p) - Pv5V'5(C, G, p, 1P5) - P00(C, 0) 

+ Cv'^ + v'^C-p%- (20) 

Here the expressions for old variables in term of new ones from the right hand side of the equations (|^) , 
(^, (11) have been used. That construction of the generating function (^) reproduces by definition 



of the canonical transformation the resolution (^), (^), ( pT| ) of the initial Grassmannian coordinates 
in spinors tp^ = —diF/dp'^, ip^ = —diF/dp^^, (p = —diF/dpif, and leaves invariable bosonic spinor 



coordinates C'" = dF/dv'^ = C", C,'^ = dF/dv'^ = C" and the nionientuni vector p' = —dF/dx'^ = p^. 
The expression of new Grassmannian momenta in terms of initial ones are 

Pea = -drF/de" = r''^^'^{crf,pC)aP^ - mr~^/^CaPV5 + <aP0 , 

Pea = -drF/de°' = r^^''^{CWtj)aP'^ - mr'^^^CaP^ijb - iCaP<p , 

Pp = -drF/dp = -m{Ca^C,)p'ip + rp^b , P^^ = -drF/dijj^ = p^^ . 

The expressions of the initial bosonic spinor momenta Va = dF/d^", Va = dF/dC,^ and space-time 
coordinate x^ = ~dF jdp^ in terms of the new phase space coordinates contain besides corresponding 
new phase variables the additional terms depending on the new Grassmannian phase space variables. 
These terms arise because of the dependence of the resolution expressions (^), (§), (|ll|) on C, C, and 
p. Here we do not need in the explicit form the expressions for v' ^v' and x' due to independence of all 
constraints on these phase variables. 

Now we eliminate the variables ^5, pi^ by means of the Dirac constraint (^) and gauge fixing 
condition for Dirac constraint 

p^5 - i{k - l)mr-^/^ [eC + C^] « (21) 

at /c 7^ ^ After fulfilment of the additional canonical transformation pp — > ppt = Pp — 
ikmr^'^ \9C, + C,G\ , which leads to resolving form ppi ~ of one Fermi-constraint from (^), we eliminate 
the variables p, pp with the help of two from five second class Fermi-constraints @. Because of the 
resolving form of the constraints with respect to eliminated variables, Vs ^ and Ppi ~ 0, the Dirac 
brackets for remaining variables are the same as their Poisson brackets. After that the remaining 
Grassmannian constraints take the following form 

Qppe - PepQ - ^ , (22) 

^The diagonalized Dirac constraint D' = D — ip^g^^ — img^ — ^i[Pfi{p'^ + f'/'^) + iTT-iPiia + f "^s)] ~ has in new 
variables the form D' = jr~^'^ \CpPb + PbpC] ~ ^rnr^^pp + ^mip^ ~ 0. The Poisson bracket of the condition (Gil) and 
D' is equal to (fcm)/2, i.e. at fc = the condition (Ell) does not fix the gauge for the Dirac constraint. 



[CPpe + PePC] - ^ik^m^ [^C + C^ ~ , (23) 

C [-ipe -pe]^0, i-ipe -ep]C^O (24) 

which are the same as the projections on spinors C, p(^ of the Grassmannian spinor constraints 

dea = -ipea - ipO)a - O'^Zp^ - Z^^e^ « , (25) 

dea = -ipea - (Oph - Z^^e^ - O^Z^^ « (26) 

with quantities Z^p, Z^g defined in (|l8|). From invariance of the variables C") C"i Pm wilder the 
canonical transformation all bosonic constraints, i.e. p^ + m^ ~ and C,pC, — j ~ 0, are not changed. 
The system with remaining variables and the constraints is described by the above mentioned La- 
grangian ([l7|). The Lagrangian (|I^ reproduces accurately this set of the constraints and nothing 
else. 

Thus we establish that the model described by Lagrangian L = Li /2 + ^b.s. is equivalent physically 
to the model with Lagrangian L = ivsupor+-^b.s. at classical level. Here ^1/2 is the Lagrangian (|^) of the 
massive spinning particle (spin 1/2) whereas isuper is Lagrangian of the massive A^ = 1 superparticle 
with tensorial central charges (llF 



i^super = pd^e + iz^pe^e^ + iz^^o^e" + iz^^{e^'f - rP) - |(p' + m") . (27) 

Lagrangians Lb.s. of the bosonic spinor in the both equivalent models are quite identical. 

It should be noted that the value of constant k in the formula (|l^) for central charges of the 
superparticle is nonzero, A; 7^ 0, in the case of the equivalence to the spinning particle. But in general 
the value fc = is not forbidded in model of superparticle with central charges. Next we consider the 
cases both with k ^ and k = 0. As we see below at fc 7^ and k = we have superparticle models 
with one and two K-symmetries respectively. 

Alternative way for a proof of classical equivalence of the massive spin 1/2 particle (ffl) and the 
massive superparticle with central charges (p^, at k ^ 0, possessing one K-symmetry is the reduction 



10 



of both model to physical degrees of freedom |21|. In the examining positive energy sector after the 
choice of gauge ip- = ipo — ip5 = for Dirac constraint and exclusion of ^+ = ipo + ip5 by means 
of the constraint condition we obtain for the physical Grassmannian degrees of freedom of spinning 

(Ph) 



particle |22, 21] the Lagrangian in the form of Lii^'q^. = ■^ipif'- On the other hand the Grassmannian 
part of the superparticle Lagrangian Lsupcr takes the form 



after using of the variables 



ry = mr-^/'^{eC + (0) , cr = -imr-^l'^{eC, - (9) . 



1/2/ 



Setting 



q = r~''\epC), q = r-''\Cpe). 



9 = (■01 +#2)/2, g = ('01 -i'02)/2, r] = 'il)^/2k 



(28) 



(29) 



we obtain exactly the same Grassmannian part of the Lagrangian 



'(Ph) 



-(ph) 



L):Zr,Gr = Lr;h. = \^^- 



(30) 



Such Lagrangian for the physical Grassmannian variables comes out also from work |14] in non- 
Lorentz covariant Grassmannian sector A^ = 4 ^ A^ = 1 PBGS. In first order formalism the target 



space action of this work has the Lagrangian 



L = Pn - P°n° + -(P°2 _ p2 _ ^^) _ 00 _ ^^ 



(31) 



where H^ = X^ + 00 + *I'^, 11 = y — 0*1' + 0^ (we remain here the notations of ||T4| )- In accounting 
the last expressions, the Lagrangian (^) takes the form 



L = PY- P°X° + -(P°2 _p'2 _i^_ (pO ^ ^^ 



^ 



1 



po + 1 



P0 



^ 



1 



po + 1 



P0 



After using of the variables 



^ = ^(po + 1 



'0 , lU/2 



* 



1 

po + 1 



P0 



11 



we obtain exactly the Lagrangian ( pOI) for Grassmannian variables. 

In order to analyse the properties of the obtained massive superparticle with tensorial central 



charges let us consider the model of spinning particle with index spinor [18, 10, Oy] as additional 
bosonic coordinates. It is naturally because we have used for bosonic spinor the relation (^p^ — j k^ 
which is inherent in the index spinor approach. In the Hamiltonian formalism the index spinor sector 
is restricted by the spinor self-conjugacy conditions 

d( = ip(;-pC^O, d^ = -ipc_ - Cp ~ (32) 

which are the second class constraints in the massive case. It is achieved in above model (|6|) by the 
substitution v = —ipC, v = iQp. Then Lb.s. ® takes the form of the index spinor Lagrangian |18] 



^index = -KpC + KpC - KCpC - J) ■ (33) 

Included in the Lagrangian the constraint C,pC, — J ~ generates in Hamiltonian formalism the spin 
constraint 

^(CPc-PcC)-i«o (34) 



which together with second class constraints (p3) lead |1T8| to the particle state of the single spin 
associated with given sector of index spinor. Spin of the particle in the quantum spectrum is the value 
of the constant j renormalized by ordering constants (thus j can be named "classical spin"). 

The realization of the previously considered canonical transformation to the model with Lagrangian 
L' = Li/2 + iindex, i-G. ^indox instead Lb.s. in (|^, leads to the Lagrangian 

-iNm-cK) 

-|(/ + m2)-A(Cl3C-j). (35) 

Here the form to = ujdr = dx — idQaC, + iQadC, — idOaO + iOadO is invariant with respect to the 
transformations of the usual A'^ = 1 supersymmetry with Grassmannian spinor parameter and "bosonic 

12 



supersymmetry" with c- number spinor parameter |18, IC, 19 1. The central charges Za/3, Z^g have the 



same form ([l8| ) . So the kinetic terms of the space-time coordinate and Grassmannian spinor in L' (pq) 
are identical to the corresponding terms in L ( [171 ) and hence the algebras of the fermionic constraints 
in both models are identical. But the kinetic terms of the index spinor in Lagrangian L' are different 
from the kinetic terms of the bosonic spinor in Lagrangian L by additional terms with quantities 



Y^0 = -(2fc2 -Ak + iWr^eJf, (36) 

which can be regarded as the central charges of the "bosonic SUSY" as well as 

N = r^ [{epe) + 2{2k - i)m^r\ec){C9)\ . (37) 

The appearance of these extra terms is the result of modification of index spinor momenta p^, p^ 
under the canonical transformation and, as consequence, the modification of the spin constraint (p3) 
and bosonic spinor constraints ( |32| ) expressed by new variables. 

Specific peculiarity of the model ( p5| ) with index spinor is an interconnection between usual 
fermionic supersymmetry and "bosonic one" and at present its meaning is not yet quite clear. Some 
duality appears in the invariance under permutation of Grassmannian and bosonic spinors both a;-form 
and certain terms with central charges of different types. 

3 Massive superparticle with tensorial central charges. Invariances 

The massive superparticle (^) with tensorial central charges possesses the usual target space super- 
symmetry 

59'^ = e" , Jr = e^ , 5xf, = iOa^Se - iSOa^O (38) 

with constant Grassmannian parameter e". As usual in the cases of the formulation without central 
charge coordinates [^] the Lagrangian L is quasi-invariant. With accounting of the bosonic spinor 

13 



equation of motion (" = its variation is the full derivative 

SL = (iZ^pe'^e'^ + iZ^^e"^^) ' + c.c. (39) 

Then the generators of the supersymmetry transformations 

contain "anomalous" extra piece with central charges (^) |2^, |^] . The algebra of SUSY generators 

{Qa,Q/3} = 2Z^f,, {Qa,Qp} = 2{p^^ + Z^^) (41) 

is the N = 1 D = A SUSY algebra extended by tensorial central charges Q-fsl. 

Of course we can introduce the coordinates of central charges introducing terms with derivatives 
of these coordinates to the multipliers at central charges in ([l7| ) [p3| , [^ . Then the model becomes not 
only quasi-invariant but SUSY invariant. 

The price for the presence of the supersymmetry is the infinite number of the spin states in the 
spectrum. At the restriction of the bosonic spinor sector to the index spinor one the number of the 
states in spectrum becomes finite but the supersymmetry disappears. But in both cases, (O) and 
(p5|), the models possess local K-symmetries. 

For local transformation of the Grassmannian spinor 

50" = iK(Cp)" , 5r = -iRiPCf (42) 

and standard Siegel transformation |23, |^] of the space-time coordinate 



dx^ = -iOa^dO + idOa^e (43) 

with local complex Grassmannian parameter k,{t) the variation of the Lagrangians up to a total 
derivative is 

5L = -2k^n?{ec + ce){K-Ry + 2k^m^{ec + cey{K-R) 

- Akm^j-^ mocc + {Cp0)a] (^ - ^) • (44) 

14 



As we see, 6L = for real k, = R, at arbitrary values of constant k. But at A; = we have 6L = 
for arbitrary complex parameter k. Thus at k ^ when the tensor central charge Z^/s is present the 
models have one K-symmetry with real Grassmannian parameter k = R. But at k = when there is 
only the vector central charge Za we have two K-symmetries with complex Grassmannian parameter 

K. 

A first class constraint is associated to each local invariance in Hamiltonian formalism. As is 
already noted our systems are described by the fermionic constraints (covariant derivatives) (p^), 
(p^. Their Poisson brackets algebra is 

{doa, dep} = 2iZa/3 , jdea, dg0j = '^iZ^^ , 

{d9a,d,^} = 2i(p^^ + Z^^) (45) 

with central charges (18). Covariant separation of the fermionic first and second class constraints is 
achieved by the projection on the spinors (a, (pOa- Let us put 

Xe = Cde = -KPe -(0^0, xe = deC = -ipeC - OpC ^i , (46) 

go = Cpde + depC = -i{CPPe + PePC) - ^k^iv?{eC + C^) ?« , (47) 

fe = i{CPde - dePC) = CPPd - PePC ~ . (48) 

The nonzero Poisson brackets of these projections are 

{xe, Xe} = '^ij , {9e,9e} = IGk'^m^ij . (49) 

Thus the constraints xe, Xe are always the second class constraints whereas the constraint fo is always 
the first class constraint generating one K-symmetry with local parameter (k + k) on variable {0C, — C,6), 
{fe,(^C ~ CG} = 2r, 6{6C — C^) = ir{K, + R,). The constraint gg is the second class constraint at A; 7^ 0. 
But at /c = the constraint gg becomes the first class constraint and generates additional K-symmetry 
with local parameter i{K — R) on variable {6C + C^), {ge, ^C + C^} = — 2«r, 6{9C + ^6) = ir{K — R). 

15 



Thus we obtain the models of the D = 4 N = 1 massive superparticle with tensorial central 
charges possessing one or two Siegel K-symmetries. In the language of the brane theories these models 
correspond to the BPS superbrane configurations preserving 1/4 or 1/2 of supersymmetry (see M and 
references there). 

It should be noted that constant k in the construction of the superparticle appears in the gauge 
fixing condition under transition from the spinning particle. Therefore at all A; 7^ the superparticle 
has quite similar systems of the constraints and the same number of physical degrees of freedom. 
The models at all /c 7^ are equivalent. Under transformations which can be considered as canonical 
transformations 

e'' ^ e" + br-\dc + ce){Cp)'' , e^ ^e^ + br-\ec + ce){pCT (so) 

where b is real number the Lagrangian L (or L') transforms into the same Lagrangian with ak in 
place of k where a = 1 + 26. As final result at level of the free superparticle we have two substantially 
different models of the massive superparticle with tensorial central charges. First of them aX k = l/v2 
has only tensor central charge Zap and possesses one K-symmetry. Second model at /c = has only 
vector central charge Z^^ and possesses two K-symmetries. 

4 Conclusion 

In this work we presented the manifestly Lorenz-invariant formulation of the D = A N = 1 free massive 
superparticle with tensorial central charges. The model contains a real parameter k and at /c 7^ it 
has one K-symmetry while at fc = the number of K-symmetries is two. 

In process of the construction it is established the equivalence at classical level between the massive 
D = A N = 1 superparticle with one K-symmetry and the massive D = 4 n = 1 spinning particle. 



But they may lead to distinct quantum theories [21 1. Below we establish that the spinning particle 



and superparticle with tensorial central charges, which have index spinor as additional one, have 
identical state spectrum. By analogy with results in paper |11, O, 18 1 the first operator quantization 
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of the spinning particle with index spinor described by Lagrangian L^ii + ^index is immediate. Wave 
function in the model is defined by Dirac spinor with (anti)holomorphic dependence in index spinor of 
homogeneity degree 2 J where J is the classical spin j renormalized by the ordering constant. Writing 



Dirac spinor in terms of Weyl spinors as ( ''' j, in according to analysis carried out in |18] we have in 



holomorphic case two multispinor fields ipai...a2ji3 &^d X^ a B '^^ich are symmetrical in 2 J indices 
as. Here /? and /? correspond to bispinor index. These field are connected with each other by Dirac 
equation 

(51) 



p\ 


(i^\ 


= m 


P o) 


\x) 


\X 



(quantum counterpart of the Dirac constraint (0)). Comparison with superparticle model is more 
immediate if we take the field Xa a ^^ basic one. But the field V'«i...q:2j_i«2j/3 ~ 4'{ai...a2.jP) + 
4'{ai...a2j^i^a2j)i3 exhibits simply that two spins J ± ^ are presented in spectrum at fixed J as it 
should be when one adds spin J which is given by index spinor and spin ^ which corresponds to the 
Grassmannian variables ^^, ip5 of the pseudoclassical mechanics under quantization. 

The quantization of the superparticle (^) is suitable to carry out in variables (p8|), ( |29| ) in term 
of which the fermionic constraints (^6[)-(^) takes the extremely simple form 

ipq + q^O, ipg + g « , 

iprj + 2k^r] « , (52) 

Pa-0. 

We gauging out the variable a, the introduce the Dirac brackets for taking into account of the fermionic 
second class constraints and the represent the remaining fermionic variables q, q, r] (in fact ^) by means 
of the usual Pauli cr-matrices. Thus the wave function of this problem has two components depending 
appropriately on index spinor and space-time variables. The quantization of the bosonic spinor sector 
shows certain difference with [^]. Additional term of the form qq in spin constraint (^) arising due to 
interaction of bosonic and fermionic sectors leads to different homogeneity degrees (which correspond 
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to different representations of Lorentz group) for two components of wave function. Bosonic spinor 
constraints (|3^ ) ((anti)homogeneity conditions) acquire the additional terms both with qq and also qr] 
(or qr]). These last terms, which are proportional cr-|. (or cr_), a± = ((Tiibio"2)/2 in matrix realization of 
Grassmannian variables, connect two components of wave function. As result the irreducible (2J + 1)- 
component spinor field (pai...a2j+n ^^ term of which one component of wave function is determined, is 
expressed by Dirac equation 

via field y i which determines second component of wave function. This last field y « can 

be identified with basic field of the spinning particle spectrum. 

In case of models (^ and (|l^ , when there is not present the truncation of bosonic spinor sector to 
the index one because of absence of bosonic spinor constraints, the quantum equivalence apparently 
remains too. One can expect it from the quite identity of bosonic sectors of the models (^) and (^) 
and identifying of physical fermionic degrees of freedom which has been demonstrated in Sec. 2. 



In case of the Lagrangian (17) one can include vector central charge Z^ into vector of space-time 
momentum by the shift p^ ^ p^ + Z^ after taking into account the bosonic spinor equation of motion 
(^ = 0. Therefore at /c = 0, when there is vector central charge only, it disappears completely from the 
action and superparticle model reduces in fact to massless case. Unlike this in the particle model (pq) 
with index bosonic spinor at A; = the redefinition of momentum does not exclude vector central 
charge due to accompanying modification of bosonic spinor and spin constraints. In this case the wave 
function contains two usual spin-tensor fields 4'a\...cx2j±n satisfying massive Klein-Gordon equation 
and disconnected with each other because of missing terms with q-q in bosonic spinor constraints. 
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